
Theorem Let µ
bee Radon measure on Rd

such that O < peirdkoo . Let FcRd be a
Borel set and Occ - oo be a constant.

④ V-xef.limmr.SIa⇒ N'cryzMII
THO

④ thief
, fiIomrsx⇒Hry÷qII.

Proof 64 For every 8>o consider

Fo : = fxef : MBf5so, to <re or}.
Let {His bee d- coveroff and in this

wog also a 8-coverof Fo . If MinFoto
then we pick KE Uinfo . Let B -- Bex, Mil).

Clearly, this B . Hence
, by the chef
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Using that Luis is an arbitrary f- coveroff .

.

petrol 's c. starts c. N'cry.



Observe that foMF as 840 . Hence we get

pelf) E c je
'
tf) as claimed

. Tta

Proofof④ We may assume that Fis bounded
.

Fix 8>0 and let

{ :={Bex, r) : x EF, o <red, MBp% > c } .
By assumption FCBY.ie . Using the 5r
covering theorem F {Big , disjoint balls

B i EE , Ui 5Bis F.
Observe that {5Bi ) , is a

108 - covering off.
Hence
,

Waffle? I 5BiF- 5%1Botero?I
'

EpicBil

Eto
' itpetRd) .

Let Iko to get that flick toc-
'

peard)soo.
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Definition ( Local dimension)

Letµ bea Booton measure on
Rd

. Assume

thot a c- splint . That is we assume thot

MLBCarl) so for all t > O . Then we define



the lower and upperloaddimensions of
themeasureµ as follows :

dime:b.4:=h¥gbfgMrBk, lingam.#glim bgNBa*#Bgr
.

If a of sptcae then we define

dimeIN, X1 = 064dm , 14=00 .

Theorem etEtRd be a Badmeasure and

letµ be a finite Radon measure (MARY-od. Then

④ If petE) 70 & Vx c-E olim-e.fr/zs then
we hove dim

µ
F- Is

.

(b) If tfx EE dim-e.cm,eyes then olim#EES .

Proofof Let a ee sees . It,
If ditueoclpe.ly >s- s, then 3-roost toarare :

log pdB Kiril
E

>s-q .

Hence pelblxirlkrs-hp-e.fr.
I

so
, MlpBfIg# < REE' * o if rko.



Hence lim sup
MLB lard

ryo ¥
Sc

,
for alle -o .

By the previous theorem this implies that

Is
-E
( EJ > MEI holds for all c > o . Thotis

001--1JEE(E)= 00 ¥¥•-
If dimaE

dimness-E holds for all E >o . Thatis
dilute EIS .

DBS

Proof of Part C b) Let s> o
.
Then Frutos. to

logputBlxirnl)
⇒ < ste

.
That is pelbcx.ru/1sqistE

Hence MB.yii.sn#si.Thotislirm.suroYffIII
This & the previous theorem imply that
geste(E)⇐ post? M¥1⇒ dim

µ
E ⇐ ste forolla

.

Thatis dimness . Die

Definition Letpe be a finite Radonmeasure
on IRD

.

The Hausdorff dimension ofa is

dima µ : = inft dimµ E : MCE9=03 .



Somepeople call this the Lepper Hoeesdorff
dimension ofpe . diwan isdoused. As opposed to-
the tower Hausdorff dimension ofa witch is
diluteµ : = inf {dineµ E: petE) 703.

Theorem diTuµpe= ess sup dimeodmNY

this
-m

onerous thot dim-eocdery.com thevalues bigger
than this only on a set of. Re- zero-measure
of X .

Proof To- simplify the notation we write L : = ess sup dimeodm ,N
m

Let E :={ x :

olime.edu/Eab.TheupeCE4qo.bythedefofessT
Using the previous theorem

dimµEexhis and
that¥in

that dingy pest .
Now we want to- prove that dimaMZ d-E foroff

.Fax anarbitrary e > o . By thedefinition
of the e.sssup ZE with petEl>o s

.
t

.



HaeE
, dimeodm.ly> a- e . Let F be anarbitrarysetwith petE)=O . Then µ (EDF)> o

and V X E E NF : dim
↳ Cpe ,xp a - e . Thatis

By the previous theorem we hone

dim
µ
EnF) z d-E .

Hence dim
µ
F za-E

whenever MF9=0. This means thot
dim
µ
F z x for all F with pecfct-o.DE

We remark without proof thot

dive
+, Lpd

= ess int dim-eo.de ,H.

Interestingly the lower and upper pecking
dimension of enclosure are

dimppl: = tuff dimPA : petals03 -- egsnimufotiaz.cm,x)
dileep Ipe):= tuffdimPA : petal-of-essqepolimgfe.ly.

Packing dimension of o-set dimpot
Definition We sois thata finite or countably
infinite collection of disjoint bolls {Bitso



is a O- packing ofa set E alRd it
• the radii of B i are atmostd and
• the centers of Bi are containedin E

For a 8>0 We define

PsdE) : = sup { ? IBil
'
: {Bitesa f-packingofE}

.

Let

process =biggestCE) .
Unfortunately

,
P! is NOIEsabedd-i.ie

So we need onemore step:

P'CEI:= inf-E.SE
,

P? ceil : Eq. Ed .

Feng, thee & Wen proved :
If EclRd-is compact& P:(E)soo⇒PIEf-PEE)

.

The packing dimension ofa set EYRES

olive
p
E : = infEs : PstEto)-supEs : P'CEI=003 .
-

Equivalentdefinition ¥EE⇐EmFe
dine
p
E : = int { segpotirnpg Ej : E c¥

,
Eats

.


